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A unified theory for studying chemical 
relaxation by using light scattering or 
ultrasonic absorption experiments 
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A unified theory for studying dissolution of oxides in glass melts by using light scattering 
or ultrasonic absorption experiments has been derived from irreversible thermodynamic 
fluctuation theory: The study of such reactions will permit the identification of changes 
in cation coordination number and changes in reaction rates. From this theoretical model 
one can predict the physical and chemical properties of glass which are governed by the 
reaction. 

1.  I n t r o d u c t i o n  
Since chemical reactions are so important in deter- 
mining the forming characteristics as well as the 
physical and chemical properties of a glass, it 
seems that a more quantitative study of the 
chemical reactions in glass is desirable. 

Recently Ray [ 1 ] has shown that increasing the 
coordination number of the cation would increase 
the glass transformation temperature in a highly 
cross-linked oxide glass like silica. Topping [2] 
also showed that changes of cation coordination in 
the reaction of an oxide with an oxide glass 
system would affect the elastic properties of the 
glasses, such as modulus. 

A unified theory for studying chemical reactions 
by using light-scattering or ultrasonic-absorption 
experiments has been derived from irreversible 
thermodynamic fluctuation theory. Use of the 
theory assumes that only one reaction dominates 
the situation in any system to which it is applied. 
Predicted results were compared with literature 
results for sodium borate and sodium germanate 
glasses. Good agreement was found. 

2. Chemical reactions and thermodynamic 
fluctuation theory 

Several chemical reactions in the melting of glass 
batch have been investigated [3,4] .  The following 
equations present a few of these involving dis- 
solutio~ of solid silica in glass melts. 
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N%S + Si02 ~- Na2Si02S (la) 

Na~Si02S + Si02 ~Na2Si204S 

(lb) 

Na2(SiQ)MS + SiO2 ~ Na2(SiO2)M+IS (1) 

Na20 + Si02 ~-Na2SiO3 (2a) 

Na2SiO3 + Si02 ~ Na2Si:Os 

(2b) 

Na2(SiO2)MO + Si02 ~ Na2 (Si02)M+I 0 (2) 

K2(SiO2)MO + Si02 a K2 (Si02)M+a 0 (3) 

In particular, if we consider Reaction 2, we can 
write the reaction as 

kf 
Na2 (Si02)MO + Si02 

kb 
(X -- ~) (1 -- X) - - M x  - -  

Naa (Si02)M+ 1 0 (2) 

Then if the total mole fraction Na20, considered 
either to be in the form Na2(SiO2)MO or 
Na2(SiO2)M+ 10 is X, and ~ is the mole fraction of 
the latter species, the rate equation is 

d~ 
- -  = k f ( •  - -  ~)[ (1  - -  X )  - - M x  - -  ~] - -  kb~  (4 )  
dt 
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Here kf and kb are the forward and backward 
reaction rates and [(1 --X) --Mx - }] is the con- 
centration of "free" silica molecules in the solution. 
At equilibrium 

1 }(o) 
(X -- ~(~ [(1-- x) --Mx -- ~ (~ - -~  = 0 (5) 

where 

k~ 
K = - exp ( - - A G * / R T )  (6) ku 

AG* is the Gibbs free energy difference between 
the left-hand side and right-hand side of the 
reaction, R is the gas constant, and T is the tem- 
perature. Solving Equation 5 gives 

l (  1)  l { t  1 1 )  2 ~(o) = 2 1 - - M x + ~  - - ~  - - M x +  

1/2 

- -  4X [1 - -  (M + 1)X] (7)  

In the present case, knowledge of the mole fraction 
of Na2(SiO2)M+IO=~ at equilibrium should 
define the thermodynamic state of the chemical 
reaction concerned. If it is assumed that this 
reaction totally dominates all other possible 
reactions, then knowledge of ~ closely approxi- 
mates the thermodynamic state of the whole 
system. ~ is thus the only important ordering 
parameter for the system. 

In reality, ~(o) can be thought of as an average 
value of ~ for the particular thermodynamic 
system when at equilibrium. The true value of 
at any point in the system has a finite probability 
of being slightly different from ~(o) at a given time. 
This is a dynamic situation in which values of ~ are 
continually varying on either side of ~(0) in any 
given sub-system of the thermodynamic system. 
If the system is at thermodynamic equilibrium, the 
summation of these dynamically-varying values of 

for all of the sub-systems must continually 
average ~(o). This fluctuating nature of a thermo- 
dynamic system at equilibrium can be characterized 
by the mean square fluctuation of the ordering 
parameter for the system. 

From the thermodynamic fluctuation theory 
the mean square fluctuation of an ordering 
parameter [5, 6] for a chemical reaction is 

k T  k T  

\ ] rx 

where k is Boltzmann's constant and A the 
affinity. 

Following Bauer [6] and Lamb [7] the ordering 
coefficient for an ideal mixture is 

= - r  X (9) 
i Xi 

where V is the volume, Xi is the .mole fraction of 
substance i and Avi = u'i = ui is the difference of 
the right and left stoichiometric coefficients u'i and 
u i of substance i. 

Hence, from Equations 8 and 9 the mean 
square fluctuation in the ordering parameter is 

((At) z ) = V F y, Au, (10) 

3. Theory of light scattering in chemical 
relaxation 

This section will consider how light scattering 
measurements can be used to experimentally 
characterize ((A~) z). 

The total intensity of light scattered by a two- 
component fluid can be written by [8, 9] 

x + • vpcp s 

+ 2 \OP/Tx PX FpCvI3s 

o r  

where e is the dielectric constant, ~ is the chemical 
potential, p is the density, N'  is the number of 
moles of solvent, X is the concentration of the 
solute, and a, fiT, fls, and Cp are the thermal ex- 
pansion coefficient, the isothermal compressibility, 
the adiabatic compressibility and the specific heat 
per unit mass at constant pressure. 

However, if there is any chemical reaction, such 
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as the dissolution of silica in an oxide melt (see 
Equation 2), one is forced to abandon the concept 
of a simple binary mixture and to regard the 
solution as a multicomponent system composed of 
silica and a number of solvated species, typically 
Na2(SiO2)iO with i = 0, 1, 2 , . . ,  m. The equilib- 
rium concentration of each species ~}0) is deter- 
mined by the equilibrium of a set of dissolution 
reactions of the form; 

Na2(SiO~)iO + Si02 ~- Naz(Si02)i+lO (13) 

Therefore, Hsich et al. [8] concluded that fluctu- 
ation in these concentration variables lead to 
fluctuations in the dielectric constant Ae (in 
addition to those resulting from fluctuations in 
temperature and pressure). A convenient set of 
variables in which to expand Ae are the mole 
fraction of solute X and the concentrations of the 
solvated species ~i, ~2 . . . . .  ~ : 

Ae = \~X] P A X +  A~i (14) 
T~ i = 1 i PTxI: } 

Where the subscript ~ denotes differentiation 
holding all the ~j- constant and ~'i holding all but 
~i = ~i constant. The quantities A~ i = ~i - ~}o) 
are the fluctuations in concentration of the i- 
solvated species and can be regarded as fluctu- 
ations in the progress variables describing the 
Reactions 13. The fluctuation Ae in Equation 
14 leads to the scattered light intensity caused 
by the total concentration fluctuation of all 
solvate species. Therefore, the second term of 
Equation 12 can be rewritten as 

i'~[~e--12 ((,..,Xx)2) + 

T~ i=1 i PTx~} 

PTx~) 
(15) 

However, if only one chemical reaction dominates 
in the reaction process, there is only one ordering 
parameter ~ which is important in the system. If in 
addition, fluctuations in ~ are uncorrelated with 
those in X, the total intensity due to the dis- 
solution reaction is 

Oe 2 
I~ = (~tPTx ((A~)2) (16) 
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When we put Equation 10 in the above equation, 
then 

i1-1 I~ cc Av (17) 
Xi 

Thus, for the reaction given by Equation 2, the 
Rayleigh intensity due to the mean square fluctu- 
ation of the ordering parameter for the chemical 
reaction is 

I ~ c  + (1 _ x ) _ M x _ ~ ( o  ) ~ - 1  

(is) 

Following the method of Hsich et al. [8], the total 
scattered light intensity other than the intensity 
caused by the chemical reactions can be calculated 
from the Rayleigh and Brillouin light scattering 
spectra. Then the additional intensity due to the 
chemical reaction can be calculated by using 
Equation 18. 

4. The theory of ultrasonic absorption in 
chemical relaxation 

Ultrasonic absorption measurements can also be 
used to characterize ((A~) 2} for a system. 

The maximum ultrasonic absorption per wave- 
length ~max is given by [10, 11] 

= ~- (8/3s t (19) 

where 83s = 3s - 3s is the difference between the 
equilibrium and instantaneous adiabatic compress- 
ibilities. 

Following Bauer [9] 53s is given by 

The pertinent expressions can be expressed in 
terms of thermodynamical quantities as follows 
[91: 

a v  = Z W - - - a H  (21) 
C2 

and 

( a )p = c ;  l (22) 



In Equations 21 and 22, AV= (3V/~Dwx indi- 
cates the amount by which the volume changes 
during an isothermal, isobaric unit reaction step, 

is the heat of reaction change at constant tempera- 
ture and pressure, C~ is the instantaneous heat 
capacity at constant pressure, ~ is the instant- 
aneous thermal expansion, and v* is the molar 
volume. From these it follows that 

_ ~r c p  [ a v  

l 
v*a~_2~] 2 1 

(23) 

If Equation 20 is rewritten as follows 

1 C p  ___(~i ( ~ )  (24) 
~& - V Cp sx erx 

_ 1 C;(~V_] 2 ((A,~)2) (25) 
k r v  G \a~ ],,~• 

Then, Equation 19 can be rewritten as 

~tmax - -  2kTV(3~ Cp \-~]esx ((k~)2) (26) 

o r  

_ u Cff ( A V ( ~ ) : )  ( 2 7 )  
[Amax 2kTVfis Cp 

where 

zxv(~) = ~,~ 
SX 

Equation 26 shows that changes in the chemical 
reaction ordering parameter ~ which lead to volume 
fluctuations cause excess ultrasonic attenuation. 
Equation 16 indicated that changes in ~ produce 
variations in the dielectric constant which lead to 
excess light scattering intensity. Thus, the mean 
square fluctuation of the chemical reaction 
ordering parameter ((A~) 2) plays an important role 
in both experiments. 

5. Results and discussion 
A detailed discussion of the effects of fluctuations 
in the ordering parameter describing a chemical 

reaction in light scattering intensity and ultra- 
sonic absorption has been given. This discussion 
has been thermodynamic in nature; it is now 
appropriate to consider briefly the kinetics of the 
reaction. In particular, the influence of fluctuations 
on the shape of the scattered light spectrum and 
on the frequency dependence of the ultrasonic 
absorption will be examined. 

Following Lamb [11], assume a sinusoidal 
perturbation caused by a sound wave of fre- 
quency f (= co/2rr), causes 65 and 6K, the ampli- 
tudes of the variations in ~ and K. Then replacing 
the time differential by iw, Equation 4 becomes 
approximately 

icod~ = kb( X -- ~(o)) [1 -- (M + 1)X -- ~(o)] 

x (6K 1 +K(1 - -Mx--2~ (~ 1 (X _ ? N ) ~ i  ~ ( ~ q ~ l ) ~ _  ~(0)] ] d~ (28) 
1_ 

~(~ (ln K) 1 
6~ = I + K ( 1 - - M x - - 2 ~  (~ l + i c o r  (29) 

where the relaxation time r is 

r -1 = k u + kf(1 --Mx -- 2~ (~ (30) 

From Landau and Lifshitz [5] the time correlation 
function of the chemical reaction ordering par- 
ameter is 

r = <at(to) a t ( t  o + O) 
= ((AD 2) exp ( - t /r )  (31) 

Then the line spectrum is just the Fourier trans- 
form of the time correlation function 

l~(co) cc ~ dt e ic~ ~(t) = ((5~)2) 
1 + co2r 2 

(32) 
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Therefore, the line shape of the light scattering 
intensity from the chemical reaction is a Lorentizian 
function centred at the position of the Rayleigh 
component. The half-width is equal to the inverse 
of the relaxation time r. 

This result differs from that previously obtained 
by Berne and Frisch [12] and Yeh and Keeler 
[13]. It appears that they may have oversimplified 
the chemical reaction model and obtained an 
expression for r which was valid only in the low 
concentration limit. 

It is interesting to note that Equation 18 pre- 
dicts that the dissolution reaction intensity maxi- 
mizes the concentration X = [1 + (M + 1)] -2 . In 
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Figure 1 The f luctuat ion intensi ty  ((al~) 2) 

plot ted  as a function of concentra t ion for 

the reaction Na 2 (SIC2) + SiC 2 +~ 
Na 2 (SiOa)= O. 

Figure 2 The f luctuat ion intensi ty  <(a~) 2 ) 

p lot ted  as a funct ion of concentra t ion for the 

reaction Na 2 (SiC 2 )30  + SiO~ e- Na 2 (SiCk)40.  
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Figure 3 The posi t ion of the peak of the 
((A~) 2) versus concentrat ion curve • p lo t ted  

as a funct ion of equil ibrium constant  K for 
bo th  the M = 1 and M = 3 reactions. 



addition as shown in Fig. 1, the shape of the curve 
depends rather sensitively on the equilibrium 
constant K. The mean square fluctuation of the 
chemical reaction ordering parameter ((2x~) 2) for 
two separate reactions, i.e. M = 1 and M = 3, was 
calculated from Equation 18 and is shown in Figs. 
1 and 2. The results show that when the thermal 
equilibrium constant K is larger than certain values 
(in these two cases K =  30), then the peak of 
<(A~) 2) is fixed at the mole fraction X = 
[i + (M+ 1)] -1. Changing the value of K under 
these conditions affects only the strength and 
width of the maximum. When K is less than this 
certain value, i.e., K < 30, the peak shifts to the 
low concentration side as is shown in Fig. 3. For 
K <  10 -2 the plot of ((2x~) 2) versus X showed two 
peaks. Whereas the appearance of a single peak 
at the stoichiometric concentration is easily under- 
stood in terms of optimizing the formation of the 
product of the reaction, there appears to be no 
simple picture that satisfactorily accounts for the 
appearance of two peaks when K is small. This 
approach differs slightly from that of Andreoe et 

al. [14] in that they have made a rather severe 
linearizing approximation in deriving their results. 
No such approximation was made in this work. 

Light scattering intensity and ultrasonic ab- 
sorption attenuation are only two of the properties 
which will be strongly influenced by fluctuations 
of the chemical reaction ordering parameter. If the 
model is a valid one for a given system, any of its 
physical properties which are dependent upon 
structure should show peaks in the properties 
which correlate with the dominant chemical 
reaction. 

For example, as mentioned above, the mean 
square fluctuation of the thermodynamic ordering 
parameter, ((2x~) 2) is associated with changes of 
volume and compressibility as the chemical 
reaction occurs. As shown in Equation 25, <(2x~) 2 ) ~x 
6/3s, where 6/3 s is the difference between com- 
pressibilities in the equilibrium and non-equilibrium 
states. The physical properties of the glass were 
frozen in a non-equilibrium state when it was 
super-cooled from a higher temperature. Therefore, 
the compressibility of the glass is below the equi- 
librium state value. On the other hand, modulus, 
acoustic velocity, viscosity, and other physical 
properties could be increased by the chemical 
reactions. Their characteristic behaviour would 
parallel the behaviour of the mean square fluctu- 
ation of the ordering parameter ((A~) 2) as shown 
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Figure 4 After Kurkjian and Krause, acoustic velocity 
versus composition at 25 ~ C for sodium silicate and borate 
glasses from [16] (longitudinal) and sodium germanate 
glasses from this investigation (shear). 

in the following examples. 
Application of the model to physical property 

data from the literature seems to suggest that a 
dominant reaction can be specified for sodium 
borate and sodium germanate glasses. 

The model will be applied to interpret some of 
the physical measurements by Kurkjian and Krauss 
[15], and Shelby [16]. In Fig. 4, which is taken 
from Kurkjian and Krause, is the data of acoustic 
velocity versus composition at 25~ for sodium 
silicate, borate, and germanate glasses. For sodium 
germanate glass the peak value is at 20 mol % Na2 O, 
where sodium borate glass is at 33 mol% Na20. 
These behave very similarly to Figs. 1 and 2. 
Therefore, to explain this abnormal behaviour our 
chemical reaction model is adapted to show how 
cation coordination number changes can explain 
the peak values of sodium germanate and sodium 
borate glasses. 

Na2(GeO2)30 + Ge02 ~- Na2(Ge02)40 (33) 

and 

Na2(B203)O + B203 a Na2(Bz03)20 (34) 

This explanation also agrees with the hypothesis of 
Kurkjian and Krause [15] that the addition of 
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Figure 5 After Shelby, compositional 
dependence of viscosity of alkali 
germanate glasses (solid line represents 
Na20-GeO: glasses only). 
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Figure 6 After Shelby, compositional 
dependence of activation energy for 
viscous flow of alkali germanate glasses 
(solid line represents Na 2-GeO2 
glasses only). 

Na20 to GeO produces six-fold from four-fold co- 
ordinated germanium atoms, while adding Na20 
to B203 converts three-fold coordinated boron 
atoms to four-fold coordination. However, there is 
no peak for sodium silicate glasses. This might be 
due to the much higher melting temperature of 
sodium silicate glasses, which could imply that the 
peak value of the physical properties in sodium 
silicate glasses would appear at higher temperature. 
Alternatively, its behaviour could be dominated 
by Na20 breaking apart bridging oxygens which 
entails a reduction in size of the network frag- 
ments and thus a decrease of the viscosity and 
modulus. It is also possible that the model may 
fail because Si 4+ ions do not undergo any co- 
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ordination change as alkali level varies in sodium 
silicate glasses. 

Figs. 5 to 8, which are taken from Shelby, show 
that viscosity, activation, thermal expansion co- 
efficient, critical point, Tg, and deformation point, 
T d, of sodium germanate glasses all have a peak 
value near 20 mol % Na~ O. 

6. Summary 
Irreversible thermodynamic fluctuation theory is 
used to explain the kinetics of dissolution of 
oxides in glass melts as well as structural changes 
of glass. The model developed in this study not 
only permits one to know the rate of the dis- 
solution reaction but also allows one to identify 
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Figure 8 After Shelby, compositional 
dependence of critical point, Tg and 
deformation point, T d. 
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cation coordination changes associated with the 
reaction. From this theoretical model one can 
predict the physical and chemical properties of 
glass which are governed by the reaction. It is 
felt that the theory can also be used for the study 
of chemical fining agents during glass melting on a 
laboratory scale, 

In the present paper, several physical property 
variations with composition in sodium borate and 
sodium germanate glasses agreed with predictions 
of the model. 
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